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The sides of a quadrilateral divide the plane in eleven parts. There are 
three parts bounded by two sides only and reaching into infinity. There 
are four doubly-angled parts bounded by three sides reaching into infinity, 
two finite triangles, one closed finite quadrangle, and one open four-sided 
part with three angles and reaching into infinity. There are three pairs 
of opposite vertices, the members of a pair not lying on one and the same 
side. We shall call these pairs A, B and H, K and P, Q, respectively. 
The point Q will be common to the quadrangle and the four-sided infinite 
part; the sides of the quadrilateral will be AQK, BQH, PHA (or eventu-
ally HAP) and PKB (eventually KBP). See figs. 1 and 2. 
The four sides may be tangent to one circle. The circle may either be 
enclosed by the quadrangle, or it may be contained in the four-sided 
infinite part. In that case we call the circle "embraced". The tangent 
points will be called T, U, V, W respectively. Each vertex has a pair of 
equal tangent lines to the circle. Thus 
AT=AV, 
KV=KW, 
BU=BW, 
PT=PW, 
HU=HT, 
QU=QV. 
These equalities entail focal couplings between pairs of opposite vertices. 
In case the tangent circle lies inside the closed quadrangle we see, 
fig. 1: 
HA+HB=TA-TH+HU+UB=VA+ WB=KA-KV+ WK+KB 
Thus 
HA+HB=KA+KB (1, a) 
and 
BH-BK=AK-AH (1, b) 
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Fig. 1. 
We see that Hand K lie on an ellipse having its foci in A and B, and, 
conversely, A and B lie on different branches of a hyperbola having its 
foci in H and K. In quite a similar way the reader may fin~ that 
PK-PH=QK-QH 
KP-KQ=HP-HQ 
(2, a) 
(2, b) 
Thus P and Q lie on one branch of a hyperbola with H and K as foci, 
and conversely H and K lie on one branch of a hyperbola with foci P 
and Q. 
Again, the reader will easily verify that 
AP-AQ=BP-BQ 
QB-QA=PB-PA 
(3, a) 
(3, b) 
Thus A and B are on one branch of a hyperbola having its foci in P 
and Q, and conversely P and Q lie on one branch of a hyperbola having 
its foci in A and B. 
For shortness, for a hyperbola carrying point A and B on different 
branches we shall say hyperbola with A and with B, repeating "with". 
A hyperbola carrying A and B on one and the same branch will be called 
hyperbola with A and B. 
We call focal coupling the relationships found between pairs of points, 
one pair being foci of a conic section carrying the other pair. 
Reviewing we see that two conic sections pass through every pair of 
opposite vertices in our complete quadrilaterals. These two conic sections 
always have common tangents, which are straight lines from the vertices 
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to the centre of the tangent circle. Indeed, that line bissects the angle 
between the radii connecting the vertex with the foci of the conic in 
question. 
Again, every pair of opposite vertices supplies foci for two conic 
sections. 
In case the tangent circle lies in the four-side infinite part, we see that 
it is no longer between the opposite vertices P and Q. The latter are on 
the same side of the circle. See fig. 2. Here the same lettering is used as 
in the former diagram, and the equations for the equality of tangent 
lines apply with the same letters. 
Fig. 2. 
In quite a similar way the corresponding focal couplings may be found. 
First of all HA +HB=KA +KB 
BH-BK=AK-AH 
(4, a) 
(4, b) 
This means that H and K lie on an ellipse around A and B, while 
H and K are foci of a hyperbola with A and with B. 
Next we find 
HP+HQ=KP+KQ 
PK-PH=QH-QK 
(5, a) 
(5,b) 
We now found an ellipse with foci P and Q, carrying Hand K, and a 
hyperbola with P and with Q, having foci in H and K. 
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The third line runs as follows. 
AP+AQ=BP+BQ 
PB-PA=QA-QB 
(6, a) 
(6, b) 
We find A, Bon an ellipse with foci P and Q, and P and Q on different 
branches of a hyperbola between foci A and B. 
As before, one sees that each pair of opposite vertices lies on two conic 
sections having common tangents, and each pair makes the foci of two 
other conics. 
By the shifting over of P from one side of the tangent circle to the 
opposite side beyond Q, the two hyperbolae having foci in P and Q have 
transformed into two confocal ellipses. With P in infinity, on parallel 
tangent sides PTHAP and PWKBP, the transition between hyperbolae 
and ellipses is found as parabolae with Q as a focus. 
There are six ways of focal coupling of two pairs of opposite vertices 
in a complete quadrilateral. These are the two groups of relationships 
(1}, (2), (3), and (4}, (5}, (6). Here is a theorem. If any of these focal 
couplings in a complete quadrilateral is given, there is a circle tangent to 
all four sides. The indirect proof runs much the same way in all six cases. 
So we take only one of these. Let 
KBt-KA=HB+HA. 
If the remaining vertices P and Q lie on opposite sides of AB, we have 
the relationship ( 4}, diagram 2. If they lie on the same side of AB, we 
have the relationship (1}, diagram l. Anyhow, construct the circle tangent 
to BK, AH and AK. Suppose that BH is not tangent to the circle. Then 
we can draw a tangent BH', and we know from the previous theorem 
that for this tangent 
KB+KA=H'B+H'A. 
Hence we must have H'B+H'A=HB+HA, and in the triangle H'BH 
H'B-HB=HH'. 
That is impossible, unless HH' = 0. Hence the circle must be tangent 
to all four sides. 
One focal coupling in a quadrilateral implying a circle tangent to all 
four sides, it follows that two more focal couplings apply. 
There is an interesting corollary. Take two confocal ellipses, with foci 
P and Q. (see fig. 2) Take an arbitrary point B on the inner ellipse, and 
produce the line P B to intersect the outer ellipse in K. Produce BQ to 
intersect the outer ellipse in H. Then the intersection of KQ and HP 
will lie on the inner ellipse. Indeed, PQ, HK, and ABare pairs of opposite 
vertices in a complete quadrilateral. There is focal coupling between PQ 
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and HK. Therefore there must also be a focal coupling between PQ and 
AB, and thus A must lie with Bon one and the same ellipse. This theorem 
has been proved in another manner in a previous paper on the loci of 
intersections of certain focal radii in two confocal ellipses. (Proc. Kon. 
Nederl. Akad. Wetens. Amsterdam, A, 68, no. 4, 1965). 
There is quite a similar corollary concerning two confocal hyperbolae. 
Take two confocal hyperbolae having foci in Hand K. Take some point 
Q on one of these. Produce HQ and KQ to intersect the other hyperbola. 
Then either AH and BK will meet in a point P lying on the same branch 
of the first hyperbola (fig. 1) or HA and KB will meet in a point P on 
the other branch of the first hyperbola (fig. 2). There is a complete quadri-
lateral with opposite vertex pairs H, K; A, B; and P, Q. The focal 
coupling of AB with HK entails focal coupling of PQ and HK too. Q 
lying on a hyperbola focused in HK, it follows that P must lie on the 
same hyperbola. If it lies on the same branch as Q, there must be a hyper-
0 __ 
Fig. 3. 
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bola focused by PQ with H K on the same branch. If P and Q lie on 
different branches of their hyperbola, than PQ are foci of an ellipse 
carrying H and K. 
We shall investigate what kind of quadrilaterals are formed by the 
foci of an ellipse and a pair of points on the conference. See fig. 3. 
F and G are foci of an ellipse, and S is a stationary point on the ellipse. 
There will be a tra-y-elling point T. There will be two stationary sides 
SF and SG and a series of complementary sides TnF and TnG. Now TnF 
will intersect SG in Mn, and TnG will intersect SF in, Nn. 
F.' and G, S and Tn, Mn and Nn will be pairs of opposite vertices. If 
T1 (or Ts) lies near S, there is a closed quadrangle SM1T1NIS, (or 
SNsTsMsS) enclosing a tangent circle. 
The circles tang!:}nt to SG and SF will all have their centres on the line 
OSO, bissecting the angle f0SG, and therefore, tangent to the ellipse. 
There is a critical point, where G01 is parallel to FS. If T lies beyond 
it in T2, the quadrangle has opened to an infinite four-side. The circle 
now is tangent to foSM2T2g2. IfT goes on travelling, when passing through 
02, an apex of the ellipse, it carries M through G. With Tin Ta the circle 
will be tangent to foS, to SG, GTa and Tafa. Arriving in Oa, in the production 
of SG, then Twill cause M too to pass through 0 3 and N passes through S. 
With T4 beyond Ca, we find M4 and N4 outside the ellipse, and.the circle 
is tangent to foN4GM4/4. 
The point diametrically opposite to S on the ellipse is very singular 
and critical. SF04G is a parallelogram. The tangent circle has evaded to 
infinity. 
With T travelling the other way round, we find similar states. We 
already remarked a closed quadrangleSN8T8M8S enclosing a tangent circle. 
Corresponding to the infinite_ four-side j0SM2T2g2 we now find an infinite 
four-side goSN7T7/7 embracing the tangent circle. Again there are tangent 
circles in the infinite four-sides goSFT6g6 and, at last, goMsFNsgs. 
We see, that, having chosen S as we did, there were two ranges forT 
making quadrangles enclosing a circle, and six ranges for T resulting in 
infinite four-sides embracing tangent circles. 
Again we shall investigate what varieties of quadrilaterals are generated 
by the foci and two vertices on a hyperbola. The procedure is very much 
like the one we followed. Still, the result will be somewhat more complic-
ated. In fig. 4 the hyperbola is drawn with the foci F and G and its 
asymptotes. Somewhere on the hyperbola we take a fixed pointS. The 
opposite point on the diameter of S will be called £. If the travelling 
point T completes the full hyperbola from S to S, the passage from S 
to E is not equal to the passage from £to S, unless Sand £lie on the 
axis of the hyperbola. 
The stationary pointS and the travelling point Tin its various positions 
T1 ... Ts making quadrilaterals generate opposite vertices M1, and N1,. 
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The vertices Mi lie on SG, the vertices Ni lie on SF. The tangent circles 
have their centres on SO, the bissectrix of the angle FSG. 
S and T~, with the foci F and G, generate two opposite vertices M 1 
and N~, and the quadrangle SN1F M1S encloses a tangent circle. 
After crossing the axis, the point T2 shows a quadrangle SFT2GS which 
too encloses a circle. Before evading in the asymptote the point Ta gener-
ates Ma and Na. There is a quadrangle MaFNaGMa which encloses a 
tangent circle. After passing through the asymptote the point T 4 generates 
M4 and N4 and the quadrangle FN4GM4F still encloses a circle. With 
T steady rising the point N on SF passes to infinity and returns on the 
other side of S. If now Ts generates Ms and Ns, there is no more a qua-
drangle enclosing a circle. There is now an infinite four-side f F M 5Gg5 
embracing a circle. When T has crossed the axis again, we have an infinite 
four-side fN6T6M6(/6 embracing a tangent circle. 
Approaching the point E on the diameter opposite S, the point T 
generates points M and N which recede into infinity, on SF and on SG, 
respectively. After crossing Ewe ought to see what a point T7 would do, 
between E and the asymptotic infinity. Unfortunately the size of the 
paper does not allow to show how there would be a four-side /7M7SN7g7 
open to below and embracing the tangent circle. 
The figure shows the situation if Tis in the asymptote. Parallel to the 
asymptote we have FAt and GAg and the limiting infinite four-side 
AtMa8SNasAg. Coming back from asymptotic infinity Ts generates a 
quadrangle TsMsSNsTs which encloses the tangent circle. 
In all we have found five ranges with quadrangles enclosing a circle 
and three ranges with infinite four-sides embracing tangent circles. 
Focal coupling is a symmetrical relationship. 
If the pairS, T lies on an ellipse with foci F and G, then SandT are 
foci of a hyperbola, and F, G lie on two branches of it. 
LetS, T lie on a hyperbola with foci F and G. If they lie on the same 
branch, they will be foci of a hyperbola with F and G on the same branch. 
If S and T lie on different branches, they will be foci of an ellipse carrying 
F and G. If one of them, T, lies in an asymptote, F and G will lie on a 
parabola, which has a focus in S. 
There is always a third pair of points with focal coupling M, N. In 
order to survey all relationships it is appropriate to consult the infor-
mation contained in figs. I and 2. To that end we need the correspondence 
of the lettering of our quadrilaterals FGSTiMiNi with the lettering in 
those figures. Here it is. 
In case Si, Ti lie on an ellipse, fig. 3, 
FGST1M1N1 correspond to figure I: BAKHQP 
FGST2M2N2 correspond to figure 2: BAKHQP 
FGSTaMaNa correspond to figure 2: PQKHAB 
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Fig. 4bis. Reproduction of parts of figure 4, showing: 
a) tangent circles in TIM1SN1TI and T2GSFT2, 
AtMasSNasA9 and TsMsSNsTs; 
b) tangent circles in FM3GNaF 
c) tangent circles to fFMsGgs 
and F M4GN4F; 
and /NaTaMag. 
~ 
..... 
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FGST4M4N4 correspond to figure 2: PQBAHK 
FGSTsMsNs correspond to figure 2: QPABHK 
FGST6M6N6 correspond to figure 2: QPHKAB 
FGST7M7N 7 correspond to figure 2: BAHKPQ 
FGSTsMsNs correspond to figure l: BAHKPQ 
Now on inspection and comparison the reader himself might find all 
focal couplings. 
We proceed to the case where S and T lie on a hyperbola and F and 
G are the foci. Comparing the lettering in fig. 4 with that in figs. l and 2 
we see 
FGST1M1N1 correspond to figure l: BAPQHK 
FGST2M2N2 correspond to figure l: KHPQAB 
FGSTaM3Na correspond to figure l: QPBAKH 
FGST4M4N4 correspond to figure l: HKABQP 
FGSTsMsNs correspond to figure 2: HKABQP 
FGST6M6N6 correspond to figure 2: ABPQHK 
FGST7M7N7 correspond to figure 2: BAQPKH 
DGSTsMsNs correspond to figure l: BAQPKH 
Summary 
Some complete quadrilaterals have focal coupling between the three 
pairs of opposite vertices. This means that one pair of points are the foci 
of a conic section carrying an other pair. The focal coupling obtains 
whenever the four sides of the quadrilateral have a common tangent 
circle. 
The six possible cases are enumerated, and the various quadrilaterals 
generated by the foci of ellipses and hyperbolae and a pair of points on 
the conic section are surveyed. 
Singularities of degenerated conic sections and parabolae have been 
left aside. 
